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Abstract 

We construct a generalized concurrence for general multipartite states 
based on local W-class and GHZ-class operators. We explicitly construct 
the corresponding concurrence for three-partite states. The construction 
of the concurrence is interesting since it is based on local operators. 



1 Introduction 

Concurrence is one of the most applied measure of entanglement. In recent 
years there have been some proposals to generalize this measure of entangle- 
ment to general multipartite states Recently, we have also defined con- 
currence classes for multi-qubit mixed states based on an orthogonal comple- 
ment of a positive operator valued measure (POVM) on quantum phase 
Moreover, we have constructed different concurrence classes for general pure 
multipartite states in 0j. In this paper, we will construct generalized con- 
currence for pure general multipartite states based on the complement of a 
POVM on quantum phase. However, this measure is not equal to our concur- 
rence classes, where we have added these concurrence classes and then took 
the square root of them. But by rewriting our linear operators as sums and 
take the expectation value of each of these operators, we are able to construct 
a general formula for concurrence. We will consider a general, multipartite 
quantum system with m subsystems Q = Q m {N\, N2, ■ . . , N m ), denoting its 
general state as |$) = £)£=i ' ' ' Eil=i a h,h,...,l m \h,h, ■ ■ ■ ,l m )- Moreover, let 
PQ = E„=iP»l*nX*n|, for all < p n < 1 and £ n 

-lPn — lj denote a density 
operator acting on the Hilbert space Hq = Hq 1 (£> Hq 2 <8> • ■ • ® Kg ra , where the 
dimension of the jth Hilbert space is given by Nj = dim(WgA Finally, let us 
introduce a complex conjugation operator C m that acts on a general multipartite 
state |$) as C m |$) = E^Lx • ■ ■ E£r=i a ti,h,..,l m \h,h, ■ ■ ■ , U- 



2 General multipartite states 

In this section, we will construct concurrence for general pure multipartite states 
QJ,(iVi, . . . , N m ). In our construction, we will use linear operators that are 
constructed by the orthogonal complement of POVM on quantum phase 
In order to simplify our presentation, we will use A m = kx, h; . . . ; k m , l m as an 
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abstract multi-index notation. In the m-partite case, the off-diagonal elements 
of the matrix corresponding to 

^QifQi-MM, ■ ■ ■ ,<PQ m ;k m ,l m ) = b-Qy&QvMM) ® ' " ® ^S m (</>Q m ;fc m ,i m ); 

(1) 

where the orthogonal complement of our POVM 

A(^ i j kjl , J )= £ e^.'i|fc,-)(l 3 -| (2) 

is given by A Qj {ip Qj . k ^ h )^ I Nj - A Qj (ip Qj . tk . t i.). I Nj is the Nj-by-Nj identity 
matrix for subsystem j. AQ(y>Q i; n !lj j 1) . . . , ¥>Q m ;fc m ,; m ) has phases that are sums 
or differences of phases originating from two and m subsystems. That is, in the 
latter case the phases of '-^Q{ l PQ 1 ;k 1 ,i 1 , ■ ■ ■ , ^S™;itm,i m ) take the form {<PQ 1 -,k 1 ,h ± 
'PQrMM ± ■ ■ ■ ± ^Q m ;kmjim) anc ^ identification of these joint phases makes our 
distinguishing possible. Thus, we can define linear operators for the W m class 
which are sums and differences of phases of two subsystems, i.e., (vs ri ;k ri ,l ri i 
(fiQ r2 -,k r2 ,i r2 )- That is, for the W m class we have 

~ wr ~ i 

A g ri : 2 ^A 2 ) = I JV 1 ®---®A Qri (^ ri . fcr . i)iri ) (3) 

Next, we could write the linear operator Aq m , N N , as a direct sum of the 
upper and lower anti-diagonal 

The set of linear operators for the W m classes gives the W m class concurrence. 

For the GHZ™ class, we define linear operators based on our POVM which 
are sums and differences of phases of m-subsystems, i.e., (ifiQ -,k ri ,l r ^ t PQr 2 ;k r2 ,i r2 ± 
. . . ± fQ m ;k m ,i m )- That is, for the GHZ m class wc have 

A 2wiv ri ,iv r2 ) = ^Q^Qukuh)®---® A QrA9l ri -,k ri ,i ri ) ( 5 ) 



i'2 ' r 2 



where by choosing <£>g.. fe . = 7r for all fcj < lj, j = 1,2,..., to, we get an 
operator which has the structure of the Pauli operator <j x embedded in a higher- 
dimensional Hilbcrt space and coincides with o x for a singlc-qubit. There are 
m(m-i) j mear operators for the GHZ m class. 

Next, we write the linear operators for the GHZ m class as 

,N r2 ) = ^^SWJV n ,N„ 2 ) + y^ZltjNr, ,N r2 ) + • ■ • . ( 6 ) 

where the operators !p,Ag A ™ N N ■, are constructed by pairing of elements 
of the POVM with sums and differences of quantum phases. For higher di- 
mensional quantum systems, it is difficult to write A n A,T t M M \ in terms 
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of 2?iA n A,7 ) M M v However, we will give an explicit expression for general 
three-partite states in the next section. Moreover, we define the linear operators 
for the GHZ" 1-1 class of m-partite states based on our POVM which are sums 
and differences of phases of m — 1-subsystems, i.e., (<Pq t ;k ri ,l T i fQr 2 ;k r2 ,i T2 i 
■ ■ ■ ?Si.-iikm-i,li»-i ^PQm-ukm-utm-i)- That is, for the GHZ" 1-1 class we have 



AQ m _ 1 (^ m _ i;fcrm _ i , irm _ i ) ®l7V m , 

where 1 < fx < r-i < ■ ■ ■ < r m -\ < m. Note that we need to write these 
operators also as direct sums as we did for GHZ™ class since they belong to the 
same operator class. Then, for a general pure state let 

2 

-w 



C(Q^ r2 (N r „N r2 )) 



,(N ri ,N r2 ) 



(8) 



($|£A 



W A m 

Q ri , r2 (N ri ,N r2 ) 
GHZ 



c m $) ), 



E E 

\fkj ,lj i>m — 2 



,(JV n ,JV r2 ) 



C m $) (9) 



and e.g 
C(Q G 



GHZm -\N ri ,N T2 )) 



E E 

Vfc 7 - } L- i~>m — 3 



(10) 



Then the concurrence is defined by adding these terms and the take square root 
of them as follows 



C{QP m (N 1 ,...,N m )) = (M m { J2 C (Q^r 2 {Nr x ,N r2 )) 

T2 >ri=l 
m 

+ e c^r^^-j) 



(ii) 



rn 

+ E C(Q^7 1 (iV ri ,7V r2 )) + ...})^ ) 

r3>r2 >ri = l 

where 7V m is a normalization constant. Note that for three-partite states our 
concurrence consists of two parts C(Q^ r2 (N ri , N r2 )) and C(Q G 1 H r z (N ri , N r2 )) 
which we will discuss in the next section. However, for four-partite states 
we have C(Q^ 2 (N r „N r2 )), C(Q GH r f(N ri ,N r2 )), and C(Q^ 2 z r3 (N ri ,N r2 )). 
Moreover, we can in principe define a concurrence for arbitrary multipartite 
states as 



C(Q m (iVi,...,iV m )) = MC(QP n (Ni,...,N m )). 



(12) 



However, to evaluate it one needs to find a pure decomposition of density matrix 
of a given multipartite state which is a very difficult task. 
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3 General pure three- partite states 

In this section, as an illustrative example, we will construct concurrence for 
pure three-partite quantum system Q%(Ni, N2, N3) based on the orthogonal 
complement of our POVM. For three-partite states, we have two different joint 
phases in our POVM, those which are sums and differences of phases of two 
subsystems, i.e., (fQ 1 -.k 1 ,i 1 ^ z( PQ 2 -,k 2 -h) an d those which are sums and differences 
of phases of three subsystems, i.e., (^>Q 1 ;ki,h ± <PQ 2 ;k 2 ,i 2 ^ fQs-M^h)- The first 
one identifies the W 3 class operator and the second one identifies the GHZ 3 
class operator. For the W 3 class, we have 

C(Qf 3 (N ll N 2l N 3 )) = 

Ni N 2 N 3 

E E E l^.hM^iMM - a ki.k 2 -M a h-i 2 ,h\ 2 

ii>fci=l l 2 >k 2 = l k 3 =l 3 = l 
Ni N 3 N 2 

+ E E E \ a ki,k 2 ,h a h,l 2 M - a ki,k 2 ,k 3 a h,l 2 ,h\ 2 
ii>&i=l Z 3 >fc 3 = l k 2 =l 2 = l 
N 2 N 3 Ni 

+ E X] E \ a ki,k 2 ,h a h,l 2 ,k 3 - ak u k 2 ,k 3 a h,l 2 ,h\ 2 > ( 13 ) 
h>k 2 = l l 3 >k 3 = l fei=/i=l 

and for the GHZ 3 class, we have 

Ni N 2 N 3 

C(Qf™ 3 (N u N 2 ,N 3 )) = E E E t ( 14 ) 

ii>fei=l l 2 >k 2 = l l 3 >k 3 = l 
\0ik 1 ,l 2 -j3 a h-k 2 ,k 3 - <^ki,k2,ks a h,l2,h\ + \ a k 1 ,h-k 3 a h,k 2 ,l 3 ~ OL kl fa,l 3 a h MM \ 
+ \ a k 1 ,k 2 M a h,l 2 -k 3 - a k 1 ,l 2 ,l 3 a hM,k 3 \ 2 + \ a kiMM a hM,h — OLkiMM a hM,la I 
+ \ a k 1: l 2 ,k 3 a h,k 2 ,h - a k 1 ,l 2 ,l 3 ai 1 ,k 2 ,k 3 \ 2 + \ a ki,k 2 ,h a h,h,k 3 ~ ®k u k 2 ,k 3 a h,h,h I ]• 

Note that these expressions are not equal to our W class and GHZ class concur- 
rences constructed in 0], where we have constructed our concurrences classes 
based on direct use of two class of operators. Thus the concurrence for a general 
pure three-partite state is give by 

C(Qf(iV 1 ,7V 2 ,7V 3 )) = (NsiCiQf'iN^N^Ns)) (15) 

+C(Qf iiz3 (N 1 ,N 2 ,N 3 ))]) 1 / 2 . 

This concurrence also coincides with the generalized concurrence for three- 
partite statespp. Moreover, for m-partite states with m > 3, our concurrence is 
not the equal to concurrence tensor 0. 
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